It is known that the scalar curvature arises as the moment map in Kähler geometry. In pursuit of the analogy, we develop the moment map framework in generalized Kähler geometry of symplectic type. Then we establish the definition of the scalar curvature on a generalized Kähler manifold of symplectic type from the moment map view point. We also obtain the generalized Ricci form which is a representative of the first Chern class of the anticanonical line bundle. We show that infinitesimal deformations of generalized Kähler structures with constant generalized scalar curvature are finite dimensional on a compact manifold. Explicit descriptions of the generalized Ricci form and the generalized scalar curvature are given on a generalized Kähler manifold of type (0, 0 
out that A ψ (M ) admits a Kähler structure on which the generalized Hamiltonian group acts preserving its Kähler structure. The Lie algebra of generalized Hamiltonian group is given by real smooth functions.
Then our main theorem is the following:
Theorem 6.4 There exists a moment map µ : A ψ (M ) → C ∞ 0 (M ) * for the generalized Hamiltonian action which is given by the generalized scalar curvature GR,
In Section 2, we shall give a brief review of almost generalized complex structures focusing on nondegenerate, pure spinors and in Section 3, we define an almost generalized Kähler structure. In Section 4, we recall the stability theorem of generalized Kähler structures which is crucial to construct nontrivial examples of generalized Kähler manifolds. In Section 5, we define a generalized Ricci form GRic and we show that GRic is a representative of the first Chern class of the anticanonical line bundle K J . The generalized scalar curvature is obtained from the generalized Ricci form. The generalized scalar curvature is an invariant function under the action of the extension of volume-preserving diffeomorphisms by d-closed b fields. In Section 6, we formulate the moment map framework of generalized Kähler geometry.
After preliminary results are shown in Section 7, our main theorem is proved in Section 8. In Section 9, we show that infinitesimal deformations of generalized Kähler structures with constant generalized scalar curvature are given by an elliptic complex. In particular, the infinitesimal deformations are finite dimensional on a compact manifold. In Section 10, we give simple expressions of the generalized Ricci form and the generalized scalar curvature of a generalized Kähler structure of type (0, 0). of bihermitian geometry. There is a remarkable link between generalized geometry and noncommutative algebraic geometry. It is quite natural to ask whether the existence of generalized Kähler structure with constant generalized scalar curvature is related with a stability on a noncommutative algebraic manifold.
where [ε, ε] Sch denotes the Schouten bracket. The Kuranishi space of generalized complex structures is constructed. Then the second cohomology group H 2 (∧ • E J ) of the Lie algebraic complex gives the infinitesimal deformations of generalized complex structures and the third one H 3 (∧ • E J ) is the obstruction space to deformations of generalized complex structures. Let {e i } n i=1 be a local basis of E J for an almost generalized complex structure J , where e i , e j T ⊕T * = δ i,j . The the almost generalized complex structure J is written as an element of Clifford algebra, i . An almost generalized complex structure J acts on differential forms by the Spin representation which gives the decomposition:
Almost generalized Kähler structures
Definition 3.1. An almost generalized Kähler structure is a pair (J 1 , J 2 ) consisting of two commuting almost generalized complex structures J 1 , J 2 such thatĜ := −J 1 • J 2 = −J 2 • J 1 gives a positive definite symmetric form G := Ĝ , on T M ⊕ T * M , We call G a generalized metric. A generalized Kähler structure is an almost generalized Kähler structure (J 1 , J 2 ) such that both J 1 and J 2 are generalized complex structures.
J i gives the decomposition (T M ⊕ T * M ) C = E Ji ⊕ E Ji for i = 1, 2. Since J 1 and J 2 are commutative, we have the simultaneous eigenspace decomposition
SinceĜ 2 = +id, The generalized metricĜ also gives the eigenspace decomposition:
Example 3.2. Let X = (M, J, ω) be a Kähler manifold. Then the pair (J J , J ψ ) is a generalized Kähler where ψ = exp( √ −1ω).
The stability theorem of generalized Kähler manifolds
It is known that the stability theorem of ordinary Kähler manifolds holds Theorem 4.1 (Kodaira-Spencer). Let X = (M, J) be a compact Kähler manifold and X t small deformations of X = X 0 as complex manifolds. Then X t inherits a Kähler structure.
The following stability theorem of generalized Kähler structures shows that there are many intriguing examples of generalized Kähler manifolds of symplectic type. We use the same notation as before. Let J be an almost complex structure on M with trivializations {φ α } of the canonical line bundle K J . Then recall that η α is given by
where
Because of the reality condition, η α and N α are uniquely determined. Let (J , ψ) be an almost generalized Kähler structure of symplectic type. Then recall that a real function ρ α on U α is given by
Proof. Let e κ α,β be the transition function on the intersection U α ∩U β . Then we have φ α = e κ α,β φ β .
Since dφ β = (η β + N β ) · φ β , we have
Since η α , η β are real, it follows that we have
We also have
Applying (5.3), (5.5) and (5.6), we have
Thus we have the result * 2 . * 2 In this proof, note that we do not use the integrability of J .
where P, Q are real d-closed 2-forms. In fact, −2J η α + J d log ρ α is written as v + θ ∈ T M ⊕ T * M for a vector v and a 1-form θ and then −2J η α + J d log ρ α · ψ is given by (i v b − √ −1i v ω + θ) ∧ ψ. Thus P and Q are given by P = di v b + dθ and Q = di v ω.
Remark 5.2. Since N α = N β , we have a globally defined section N ∈ ∧ 3 E J ⊕ ∧ 3 E J which is the Nijenhuis type tensor, that is, J is integrable if and only if N = 0.
Definition 5.3. [Generalized Ricci form and generalized scalar curvature] We define a generalized Ricci form GRic to be a d-closed 2-form P in (5.7) and we define a generalized scalar curvature GR to be a real function on M which is given by the following,
where ω is a symplectic form.
A diffeomorphism F of M acts on (J , ψ) to give an almost generalized Kähler structure (J ′ , ψ ′ ). We denote by GR' generalized scalar curvature of (J ′ , ψ ′ ). Then we have
that is , GR is equivalent under the action of diffeomorphisms. Further GR is invariant under the action of d-closed b−fields. 
Then it follows that φ ′ α = F * φ α is the nondegenerate pure spinor which induces
Thus we see that η
Thus we have ρ
Thus we obtain
Since GR is given by the real part of the following:
From (5.14), we have GR'= F * (GR).
We denote by (J b , ψ b ) the pair given by the action of e b on (J , ψ).
Since , s is invariant under the action of e b , we see that GR is invariant under the action of e b .
We denote by [GRic] the cohomology class of a real d-closed 2-form GRic. Then we have
Proposition 5.5. The cohomology class [GRic] is given by the 1-st Chern class,
Proof. We calculate the spectral sequence from de Rham toČeck cohomology to determine a representative ofČeck cohomology group given by d-closed form GRic.
follows from (5.3) and (5.4) that we have 
Thus we have [P ] = 4πc 1 (K J ). Since GRic = −P , we obtain the result. GRic and GR are the ordinary Ricci curvature and scalar curvature, respectively. In fact, we have φ α to be a holomorphic n form φ α = dz 1 ∧ · · · ∧ dz n and ψ = e √ −1ω and Ω α , Ω α S = ρ α ψ, ψ S . Thus
is the ordinary Ricci form.
Remark 5.7. We can generalize our construction of GR to the cases where ψ is an arbitrary d-closed, nondegenerate, pure spinor. In fact, d(−2J η α + J d log ρ α ) · ψ is still a representative of the first Chern class of K J together with the class [ψ] and
is an equivalent complex function under the action of diffeomorphisms which is invariant under the action of d-closed b-fields. In this general case, we define GR to be the real part of GR C . Then we have
where Re stands for the real part. The real part is also written as
Example 5.8 (generalized Calabi-Yau metrical structure). If a generalized Kähler structure is induced from a pair (φ, ψ) which consists of d-closed, nondegenerate, pure spinors such that φ, φ S = ψ, ψ S , then it is called a generalized Calabi-Yau metrical structure. Since ρ α = 1 and η α = 0, it follows that we have GR C = 0.
Generalized scalar curvature as moment map
Let GC(M ) be the set of generalized complex structures on a differentiable compact manifold M of dimension 2n, that is,
We denote by GK(M ) the set of generalized Kähler structures on M , that is,
We also define GC(M ) as the set of almost generalized complex structures on M , GC(M ) := {J : almost generalized complex structure on M }.
We denote by GK(M ) the set of almost generalized Kähler structures,
Let ψ be a d-closed, non-degenerate, pure spinor which induces J ψ . The spinor inner product of ψ is given by ψ, ψ S = (φ ∧ σψ) [2n] . In particular, if ψ := e
2 ω , then we have the volume form
An almost generalized complex structure J is ψ-compatible if and only if the pair (J , J ψ ) is an almost generalized Kähler structure. Let A ψ (M ) be the set of ψ-compatible generalized complex structure, that is
We also define A ψ (M ) to be the set of ψ-compatible almost generalized complex structures,
For each point x ∈ M , we define A ψ (M ) x to be the set of ψ x -compatible almost generalized complex structures , that is,
Then we see that A ψ (M ) x is given by the Riemannian Symmetric space of type AIII †
denotes the set of complex matrices of n × n. Let P ψ be the fibre bundle over M with fibre
is given by sections Γ(M, P ψ ) which contains A ψ (M ). We can introduce a Sobolev norm on A ψ (M ) such that A ψ (M ) becomes a Banach manifold in the usual way. The tangent bundle of A ψ (M ) at J is given by
where so(T M ⊕ T * M ) denotes the set of sections of Lie algebra bundle of SO(T M ⊕ T * M ). Then it follows that there exists an almost complex structure J A ψ on A ψ (M )which is given by
We also have a Riemannian metric g A ψ and a 2-form ω A ψ on A ψ (M ) by
Proposition 6.1. JÃ ψ is an integrable almost complex structure on A ψ (M ) and ω A ψ is a Kähler form on A ψ (M ). † In Kähler geometry, the set of almost complex structures compatible with a symplectic structure ω is given by the Riemannian symmetric space Sp(2n)/U (n) which is biholomorphic to the Siegel upper half plane
Proof. Let J V be an almost generalized complex structure on a real vector space V of dimension 2n. We denote by X n the Riemannian symmetric space U (n, n)/U (n) × U (n) which is identified with the set of almost generalized complex structures compatible with J V . We already see that A ψ (M ) is the set of global sections of the fibre bundle P ψ over a manifold M with fibre X n which is biholomorphic to the bounded domain
is not empty, we have a global section J 0 . Then the fibre bundle is identified with the space of maps from M to the complex bounded domain
} which is open set in the complex vector space M n (C). Since the almost complex structure JÃ ψ is induced from the one of the complex bounded domain, wee see that JÃ ψ is integrable. X n admits a Riemannian metric g Xn and a 2-form ω Xn which are given by
Then under the identification
Then the space of maps A ψ (M ) inherits a Riemannian metric and a Kähler structure which are given by
Let Diff(M ) be an extension of diffeomorphisms of M by 2-forms which is defined as
Note that the product of Diff(M ) is given by
# and and e b is regarded as an element of SO(T M ⊕ T * M ) and F # denotes the bundle map of T M ⊕ T * M which is the lift of F. We define Diff(M ) ψ to be a subgroup consists of elements of Diff(M ) which preserves ψ,
Then from (6.1), we have the following, Proposition 6.2. The symplectic structure ω A ψ is invariant under the action of ψ-preserving group
We assume that type number of J ψ is 0, i.e., ψ is given by ψ = e b+ √ −1ω , where b is a real 2-form and ω denotes a symplectic form. We denote by Ham ω (M ) the Hamiltonian diffeomorphisms of (M, ω).
Definition 6.3. By using the 2-form b, we define generalized Hamiltonian diffeomorphisms Ham
M is called a generalized Hamiltonian element. Note that we have e · ψ = √ −1df · ψ. We denote by GR J the generalized scalar curvature of (J , J ψ ) for J ∈ A ψ (M ), where GR J is a real function on M . The following is our main theorem:
Theorem 6.4. There exists a moment map µ :
* for the generalized Hamiltonian action which is given by the generalized scalar curvature GR,
where f ∈ C ∞ 0 (M ) and µ(J ), f denotes the coupling between µ(J ) and f .
Our proof of Theorem 6.4 will be given in Section 8.
Preliminary results for proof of the main theorem
In order to show our main theorem, we shall rewrite the symplectic form ω A ψ by using the Clifford algebra and the pure spinors φ α and ψ. Such descriptions in terms of the Clifford algebra and pure spinors are suitable to obtain our main theorem by using Stokes' theorem. Let J be an almost generalized complex structure which is compatible with ψ. We denote by {φ α } trivializations of the canonical line bundle K J , where each φ α is a nondegenerate, pure spinor on U α which induces the generalized complex structure J . Arbitrary small deformations of almost generalized complex structures of J are given by the adjoint action,
where h(t) = h 2,0 (t) + h 0,2 (t) denotes a real section depending smoothly on a parameter t which satisfies h 2,0 (t) ∈ ∧ 2 E J and h 0,2 (t) = h 2,0 (t) ∈ ∧ 2 E J . Then the infinitesimal deformationJ h is given bẏ
where h and J are regarded as elements of the Clifford algebra CL(T M ⊕ T * M ) and [h, J ] denotes the commutator of h and J which is identified with the bracket of Lie algebra so(
acts on nondegenerate pure spinors φ α on U α byφ α := h · φ α . Let J 1 and J 2 are two almost generalized complex structures which are locally induced from {φ α,1 } and {φ α,2 } respectively. Two real elements h 1 and h 2 give rise to infinitesimal deformationsJ h1 of J 1 andJ h2 of J 2 , respectively. We also denote byφ α,hi an element h i · φ α,i for i = 1, 2.
Then the symplectic form ω A ψ as in (6.1) is given by
where h 1 , h 2 are real elements of ∧ 2 E J ⊕ ∧ 2 E J . We shall begin to write the symplectic form ω A ψ in terms of pure spinors.
Lemma 7.1.
The formula is shown by a local calculation. Let {e i } 2n i=1 be a local basis of E J such that e i , e j T ⊕T * = δ i,j . Then the basis of {e i } of E J is regarded as the dual basis of E *
Thus we have ] . By using the formula e · φ α , φ α s = − φ α , e · φ α s , we have
Applying e k · e i + e i · e k = −2 e k , e i T ⊕T * , we have
We also have φ α,h2 ,φ α,h1 s = −8 Proof. [Proposition 7.2] The result directly follows from Lemma 7.1 .
,φ β,h2 S for α, and β, the 2n-form ρ
gives a globally defined 2n-form on M .
Note that ω A is also written as
Lemma 7.4. We have the following identity with respect to σ and d for a differential form ω
Proof. σω is given by
Then the result follows.
Lemma 7.5. For e 1 , e 2 ∈ T M ⊕ T * M and differential forms ω 1 , ω 2 ∈ ∧ • T * M , we have
Then we have e 1 · ω 1 , e 2 · ω 2 S + e 2 · ω 1 , e 1 · ω 2 S = − e 2 · e 1 · ω 1 , ω 2 S − e 1 · e 2 · ω 1 , ω 2 S (7.2) = − (e 2 · e 1 + e 1 · e 2 ) · ω 1 , ω 2 S (7.3) =2 e 1 , e 2 T ⊕T * ω 1 , ω 2 S (7.4) Lemma 7.6. Let θ = θ 1,0 + θ 0,1 be a 1-form, where θ 1,0 ∈ E J and θ 0,1 ∈ E J . For h = h 2,0 + h 0,2 ∈ ∧ 2 E J ⊕ ∧ 2 E J , we have the following:
Proof. Since h 2,0 · φ α = 0 and [h 2,0 , θ 1,0 ] = 0 and θ 0,1 · φ α = 0, the left hand side of (7.5) is given by
By applying Lemma 7.5 and [h 2,0 , θ] · φ α = 0, we have
It follows from φ α , φ α s = ρ α ψ, ψ s and Lemma 7.5 that we have
Thus we have the result.
Lemma 7.9. Let N = N 3,0 + N 0,3 be a real section of ∧ 3 E J ⊕ ∧ 3 E J , where N 3,0 ∈ ∧ 3 E J and
Proof. Let U k J be the eigenspace of an eigenvalue √ −1k with respect to the action of J . Then
. Thus we have e · φ α , N · h · φ α s = 0. Then it follows N · h · φ α , e · φ α s = 0.
Lemma 7.10. Let N be as in before. Then we have
Proof. Let {e i } be a local basis of E J . Since dφ α = η α · φ α + N · φ α , then we have 
Proof. Since [h, J ] · ψ = 0, it follows from Lemma 7.10 that we have [[h, J ] , N ] · ψ = 0. Thus we have the result.
Then applying Lemma 7.5, we obtain 
Proof of main theorem
This section is devoted to show our main theorem: Theorem 6.4. In order to show the main theorem, it suffices to show that
where f is a generalized Hamiltonian and e is a generalized Hamiltonian element satisfying e·ψ = √ −1df ·ψ and J t denotes deformations of J which satisfiesJ h = [h, J ]. A generalized Hamiltonian f gives a generalized Hamiltonian element e ∈ T M ⊕ T * M by e = J ψ df .
Let {(φ α , U α )} be trivializations of the canonical line bundle K J , where {U α } is a finite open cover of a compact manifold M of dimension 2n. We denote by {χ α } a partition of unity such that the support of χ α is contained in U α . From Proposition 7.2, it is suffices to show the following:
By using the partition of unity, f is given by f = α f α , where f α = χ α f and a generalized Hamiltonian element e ∈ T M ⊕ T * M is also written as e = α e α , where
T ⊕T * φ β , h · φ α s = 0. Since φ α = e κ α,β φ β and ρ α = e κ α,β +κ α,β ρ β , we have the result.
Thus there is a 2n-from F 1 (e) such that
α . Since e = α e α , it follows that F 1 (e) = α F 1 (e α ). Since the support e α is contained in U α , we have
Applying Stokes' theorem and Lemma 7.4, we have
We define F 1−1 , F 1−2 and F 1−3 by
We also define F 2−1 , F 2−2 and F 2−3 by
is divided into the following three parts
Deformations of almost generalized complex structures {J t } are given by the action of one parameter family e ht in Spin group which are induced from nondegenerate, pure spinors e ht · φ α and we have
are real sections satisfying η α (0) = η α and N α (0) = N α . Taking the derivative of both sides of (8.1) with respect to t, we have
Then we haveη α · φ α =η α 0,1 · φ α and J φ α = −n √ −1φ α . We also have
We also haveṄ
Substituting (8.2) into F 1−1 and using (8.3), we obtain
Thus the term F 1−1 is divided into two terms F 1−1−1 and F 1−1−2 ,
where it follows from Lemma 7.9 that we have
The term F 2−1 is also divided into two terms
By using Lemma 7.5 and φ α , φ α s = ρ α ψ, ψ s , we obtain
It follows from Lemma 7.10 and J · ψ = 0 that we have N (t) · ψ = 0. Thus we haveṄ · ψ = 0. It follows
From Lemma 7.12, the term F 1−3 is given by
The term F 2−3 is also given by
Hence we obtain
Applying Lemma 7.8 and substituting θ = η α , we obtain
Applying Lemma 7.8 and substituting θ = dρα ρα , we obtain
Hence F 1 (e α ) − F 2 (e α ) is given by the following,
Since e α is a generalized Hamiltonian element satisfying e α · ψ = √ −1df α · ψ, we have
The action of Spin group preserves the form , s . Since deformations
by the action of Spin group e h(t) , thus ρ α does not depend on t.
is given by the following derivative at t = 0,
Since we consider deformations preserving ψ, we have J t ·ψ = 0. Thus we have [J t , η α (t)]·ψ = J t η α (t)·ψ. The support of f α is contained in U α . Applying Stokes' theorem, we obtain
Hence we obtain e 0,1 ∈ E J . Thus T J O Ham is given by {∂ J e 0,1 | e : Hamiltonian element}. Since a Hamiltonian element e is given by e = J ψ df for a hamiltonian f , we have
) gives a generalized Kähler structure if and only if (φ, ψ) satisfies the followings :
(1) ω ± C := B + √ −1(ω 1 ∓ ω 2 ) defines complex structures I ± such that ω ± C are d-closed holomorphic symplectic forms with respect to I ± respectively. (2) ω 2 is tame w.r.t both I ± .
Proof. Let E φ be the eigenspace with eigenvalue − √ −1 with respect to J φ and E φ the complex conjugate of E φ . We denote by E ψ the eigenspace with eigenvalue − √ −1 with respect to J ψ and E ψ is the complex conjugate of E ψ . Then we have
The condition J φ J ψ = J ψ J φ is equivalent to the followings :
Hence ω + C := B + √ −1(ω 1 − ω 2 ) defines a complex structure I + such that ω + C is a holomorphic symplectic form with respect to I + . We also see that ker(B+ √ −1(ω 1 +ω 2 )) :
C is a holomorphic symplectic form with respect to I − . Hence the condition [J φ , J ψ ] = 0 is equivalent to the condition (1). The eigenspace with eigenvalue ±1 with respect to G := J φ J ψ are denoted by C ± , respectively. Then we have C
I− , we also have
Thus G = J φ J ψ gives a generalized metric if and only if − √ −1ω 2 (u, u) > 0 for all u = 0 ∈ T 0,1 I± . A symplectic structure is tame with respect to I ± if and only if ω 2 (x, I ± x) > 0 for every real tangent
, Hence G := J φ J ψ gives a generalized metric if and only if ω 2 is tame with respect to I ± . Hence we obtain the result.
Remark 10.3. On a 4 dimensional manifold, the condition (1) is equivalent to the followings
In the case of a generalized Kähler structure of type (0, 0), the GRic and GR are explicitly written.
Proposition 10.4. For a generalized Kähler structure of type (0, 0), GRic and GR are given by
are commuting vector fields, we have a real Poisson structure β R by
where λ i,j are constants. Holomorphic vector fields {V
j . Let (J J , J ψ ) be the generalized Kähler structure coming from the ordinary Kähler structure (J, ω), where ψ = e √ −1ω . Let {φ α } be trivializations of K JJ , that is, each φ α is a holomorphic n-form with respect to J. Then the action of e β R on each φ α coincides with the action of e β on φ α , that
is,
Thus the action of e β R on J J gives Poisson deformations of J βt . Then the action of e β R gives deformations of almost generalized Kähler structures
where J ψt are almost generalized complex structures induced from ψ t = e β R t · ψ.
Theorem 12.1. Let µ T,i be the function which is the coupling µ T , ξ i of the moment map µ T and ξ i ∈ t m . Then ψ t is given by
Thus dψ t = 0 and (J βt , J ψt ) are deformations of generalized Kähler structures.
Proof. The exponential e β R is given by e
Since ω(V i , V j ) = 0 and i Vi ω = dµ T,i , we have
Since i Vi dµ T,j = 0, we have
Thus ψ t is d-closed and J ψt are generalized complex structures. Thus we have the result.
Proposition 12.2. Let (X, J, ω) be a Kähler-Einstein manifold which admits an action of real torus T m (m ≥ 2) preserving the Kähler structure (J, ω). We assume that there exists a moment map for the action of T m . We denote by {ξ i } m i=1 a basis of the Lie algebra t m which yields vector fields
. We assume that β R := i,j λ i,j V i ∧ V j is a nontrivial real Poisson structure for some constants λ i,j . Then there exist nontrivial deformations of generalized Kähler-Einstein manifolds (J βt , ψ t ), where {J βt } are Poisson deformations of J J , where β is the holomorphic Poisson structure given by
Proof. It suffices to show Proposition 12.2 in the case of β R = V 1 ∧ V 2 which is a real Poisson structure given by the wedge of V 1 and V 2 . Let {φ a } be trivializations of the canonical line bundle K J which are given by the ordinary holomorphic n-forms. The action of T m preserves the complex structure J and the canonical line bundle. Thus the action of V 1 and V 2 are the representations of weights n 1 and n 2 , respectively, that is,
From [V 1 , V 2 ] = 0 and dφ α = 0, it follows that we have
Since (V 1 − √ −1J β V 1 ) · e β R φ α = (V 2 − √ −1J β V 2 ) · e β R φ α = 0, we have de β R φ α = (−n 1 J β V 2 + n 2 J β V 1 ) · e β R φ α .
Since J β V i = e β J J e −β V i = J J V i = JV i , we also have de β R φ α = (−n 1 JV 2 + n 2 JV 1 ) · e β R φ α .
Since (−n 1 JV 2 + n 2 JV 1 ) is a real section, it follows that η α = (−n 1 JV 2 + n 2 JV 1 ) * 3 Let µ T be the Since ψ β R := e β R · ψ is d-closed, then J ψ is integrable. Hence (J β R , J ψ ) is a generalized Kähler structure.
Since η α ∈ T M , it follows that e β R η α e −β R = η a . Thus we have
Since V i · dµ j = 0 for i, j = 1, 2, we have dV i e β R · ψ = dV i ψ. Thus we have
We calculate the term dJ β R d log ρ α · ψ β R . Since V i preserves the function ρ α , we have L Vi ρ α = 0. Thus we have e
Thus we have
As in Definition 5.3, −2dJ β R η α · ψ β R + dJ β R d log ρ α · ψ β R is written as
where P = GRic and Q are real 2-forms.
Since √ −1d V 2 , J dρα ρα i V1 ω − V 1 , J dρα ρα i V2 ω is a pure imaginary 2-form and dJ dρ α ρ α is a real 2-form, we obtain GRic = −dJd log ρ α Since (X, J, ω) is a Kähler-Einstein manifold, we also have −dJ log ρ α = λω.
Since ψ β R = exp (−dµ T,1 ∧ µ T,2 + √ −1ω), we have GRic= λω.
Let X = (M, J) be a compact complex surface with effective anticanonical divisor. Let β be a nontrivial section of K −1 . Then β is a holomorphic Poisson structure. We denote by J β Poisson deformations of generalized complex structures. Then from the stability theorem of generalized Kähler structures, there is a generalized Kähler structure (J β , J ψ ), where ψ = e B+ √ −1ω is a d-closed, nondegenerate, pure spinor.
We denote by D = {β = 0} the divisor given by zero of β. Then we have Proof. In our case, Poisson structure β is given by an action of 2-dimensional torus preserving the Kähler structure of CP 2 . Then the result follows from Proposition 12.2. 
